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Identifying communities within energy landscapes
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Potential energy landscapes can be represented as a network of minima linked by transition states. The
community structure of such networks has been obtained for a series of small Lennar@-Jpooksters. This
community structure is compared to the concept of funnels in the potential energy landscape. Two existing
algorithms have been used to find community structure, one involving removing edges with high betweenness,
the other involving optimization of the modularity. The definition of the modularity has been refined, making
it more appropriate for networks such as these where multiple edges and self-connections are not included. The
optimization algorithm has also been improved, using Monte Carlo methods with simulated annealing and
basin hopping, both often used successfully in other optimization problems. In addition to the small clusters,
two examples with known heterogeneous landscapes, the 13-atom ¢luktgwith one labeled atom and the
38-atom clusterLJ;g), were studied with this approach. The network methods found communities that are
comparable to those expected from landscape analyses. This is particularly interesting since the network model
does not take any barrier heights or energies of minima into account. For comparison, the network associated
with a two-dimensional hexagonal lattice is also studied and is found to have high modularity, thus raising
some questions about the interpretation of the community structure associated with such partitions.

DOI: 10.1103/PhysRevE.71.046101 PACS nun)er89.75.Hc, 61.46t-w, 31.50—x

[. INTRODUCTION state or the super-Arrhenius slowing down of the dynamics
o in fragile liquids, in term of features of the landscape.

Networks have been the focus of much attention in the Some Of the most interesting points on PELs are Station_
past few year$l-3]. This is partly due to the growth of two  ary points where the gradient vanishes. The type of station-
networks—the Interneff4] and the world wide welj5]. A ary points that receive the most focus are the minima since
diverse range of networks have also been studied, for exhey represent locally stable structures. It can be particularly
ample interaction networK$,7] of proteins or genes, social useful to partition the PEL into basins of attraction surround-
networks such as the actor netwdi 9], and networks of ing each minimum on a PEL, where a basin of attraction is
collaborations among scientidis0]. Initially, the focus was defined as the set of points for which following the steepest
on the common features that many of these networks posiescent pathways from those points will lead to the same
sessed, such as their small-world charaftdi] or whether ~minimum. Pioneering work by Stillingdf8] has shown that
the degree distribution was scale-fi&a. systems generally spend most of their time vibrating in a

The current emphasis is on more detailed properties ofinimum’s basin of attraction and occasionally hop to an-
such networks, in particular to understand how these propefther basin, although at sufficiently high temperature this
ties differ between different types of networks and how thesdiMe scale separation begins to break dqa8J. First-order

; a@addle pointqoften called transition statesre particularly

have been studied include correlations between connecté@portant to describe this hop.p.ing, since the trajectory .Of the
nodes[12], community structurd13], and possible spatial system passes along a transition state valley connecting ad-

: ; : _ jacent basins during this process. Thus, the minima, their
teuT:eggljn%iAfﬁ%gaﬁli-{c—] E?e{joci:sah?égelr?t Osnu%waTyuT)I;y“tﬁ(rau?e energies, their connectivities, and the heights of barriers be-

leadi i : work h” th . ¢ ween them control the dynamics of the system, i.e., how it
eading questions for network researc Ere aré Importang,,yes around the PEL, and hence how the structure changes.
open questions in this ardd6]. For example, what is the

. . The number of minima increases exponentially with the
best way to quantify such community structure and what arg, mper of atoms in a system. Therefore, for all but quite
its origins? '

Th ks th f in thi K . mall systems, it will be impossible to completely character-
_The networks that we focus on in this work are associateqy o e pgy | Instead, the aim is to obtain a statistically accu-
with pot.ent|al energy Iandscapeg. The potential energy of g, representation of the PEL from an incomplete sample of
system is a function of the coordinates ofld atoms. Plot-  inima and transition states. This problem has essentially
ting this would give a Bl,-dimensional “hypersurface” that

is K al land ED) [17]. E been solved for minima, allowing the distribution of minima
:S Sown asr? pot(-i)nna er?erfgy an ?C@ h)[ ]'. NET9Y  as a function of energy to be obtain20-24. Hence, a
andscapes have been the focus of much attention in rece dscape description of the thermodynamics is possible.
years, as scientists have sought to understand the behavior o

i ) ) . However, the situation is much more complex for the dy-
a system, such as the ability of a protein to fold to its nat'venamics, because not only is the distribution of transition

states required, but also their pattern of connectivities. Par-
ticularly little is known about the latter, and the aim of our
*Electronic address: jpkd1l@cam.ac.uk research program is to get insights into the fundamental or-
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ganization of the PEL by studying the PEL connectivity for the rate of flow of the occupation probability between
small systems for which a complete characterization can bginima in terms of a matrix of transition rates between each
obtained. To achieve this, we have applied the tools develindividual minimum, calculated using unimolecular rate
oped to study complex networks to the network of minimatheory. The eigenvectors of this matrix are associated with
linked by transition states. It should be noted that this repredifferent dynamical processes. If the network has two differ-
sentation only describes the connectivity of the PEL, its to-€nt communities, the slow mode associated with transitions
pology. It does not take into account the energies of thdetween those communities has an eigenvector where the

minima or the heights of the barriers between them, its toSign of the components depends upon in which community
pography. the minimum is. The main difference between that approach

Recently, we showed for a series of small Lennard-Jone@nd this work is that the only information used here is the

(LJ) clusters that the networks show both a small-world pe-CONNEctivity. In network terms, the focus is an unweighted,
havior and have a power-law tail to the degree distributionundlrected adjacency matrix, rather than a transition matrix

[23,24). In these networks, the low-energy minima with Iargewhere the strength of the connections depends on properties

basi f attracti t as hubs in th work. Furth such as the height of the barrier between the two minima.
asins of attraction act as hubs In the network. FUMhermor&y . ansr0ach is equivalent to studying the system at infinite

a detailed characterization of a variety of topological prop+emperature, where all barriers can be equally easily crossed.

erties, s_uch as the local clustering coefficients, deQree'degr?ﬁterestingly, spectral methods have also been used to divide
correlations, and measures of betweenness, showed behavitiworks into communities based on the eigenvalues and

similar to other scale-free networks. In this paper, we extengigenvectors of the adjacency matf26,27.

this work by applying algorithms designed to identify com- sjmple PELs such as those of the small clusters studied
munities of strongly connected nodes to our PEL networkshere are shaped like funnels leading down to the global mini-
Our aim is to compare the divisions of the PEL achieved bm]um[zgyzq and therefore may be expected to have no com-
these methods, which are based on purely topological informunity structure. Other systems, e.g., the 38-atom LJ cluster
mation, to methods from the field of energy landscapes thaf_j,.), have multiple funnel structures with large barriers

also use topographical information. between the different funne[29]. In LJsg, the global mini-
mum is a truncated octahedron and is at the bottom of a

II. LANDSCAPES, FUNNELS, AND COMMUNITY narrow funnel of face-centered-cubi¢fcc) structures,
STRUCTURE whereas most low-energy structures are icosahedral and at

the bottom of a second wider funnel. Evidence for these two

In social networks, people are often grouped into commufunnels comes from analyses of both the topography of the
nities where there are particularly strong interactions bePEL and the cluster’s dynami¢30]. The L}g disconnectiv-
tween the people in a community, and the people share somiy graph, which provides a pictorial representation of the
common characteristics or purpose. Attempts to quantifiparriers between the minima, shows a clear division of the
these concepts in network terms usually focus on the greatéow-energy minima into two sets, termed funnels because the
density of edges within communities than between them. Foenergy decreases as one steps down towards the low-energy
example, the algorithm of Girvan and Newm§@h3] dis-  minima at the funnel bottom. There are low barriers between
cussed in the following section was applied to a networkminima in the same funnel, but a much larger barrier be-
where nodes were people in an organization and edges linkedieen the two funnels. Unsurprisingly, given that the energy
those that communicated by emdR5]; the community barrier is a major determinant of transition rates, there is a
structure identified by the algorithm corresponded to infor-separation of time scales between transitions between
mal social groups within the organization, as confirmed byminima within a funnel and transitions between the two fun-
the people involved. nels. There is also a thermodynamic solid-solid transition

In the PEL networks studied here, communities wouldfrom the fcc to icosahedral structures just below the melting
indicate groups of minima interconnected by many transitiorpoint [31]. There are more icosahedral structures than fcc
states. It would be reasonable to expect conversions betwestructures, so icosahedral structures are favored entropically
those minima to occur rapidly, whereas those between differat higher temperatures, whereas the low-energy global mini-
ent communities or groups of minima would occur moremum is favored at low temperatures.
slowly. Community structure would then have a strong effect LJsg will be studied here to determine whether network
on the dynamics of the system. If there is strong communitymethods based purely on connectivity can find groups corre-
structure, then groups of minima are segregated from eackponding to the two funnels. The sample of minima and tran-
other, probably making it more difficult to sample all of the sition states we analyzed was previously used to study the
PEL. However, the topography of the PEL is also expected tanultiple funnel topography and the thermodynamics and dy-
have a strong effect on this. For example, a group of minimanamics of the solid-solid transitio80]. Unlike the small
might have many transition states between them and henadusters, however, this sample is far from complete. The
be classified as a community in this approach, but if thenethod previously used to identify the minima in the two
barriers are high in energy, then they are unlikely to be useflnnels is based on a master equation approach.
by the system. Any structure of a cluster will have many permutational

The relationship between dynamics and community strucisomers, structures which are identical except that the posi-
ture has been put to use previously in chemistry via the madions of some atoms have been exchanged. For a monatomic
ter equation approacfiLl7]. The master equation describes cluster, the number of possible permutations of each geo-
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metrically distinct minimum isN,!. As some of these are would lie within the same communities in a random network

related by symmetry, this number is reduced td,20, where the nodes have the same degree is subtracted from

whereo is the order of the point group of that minimum.  2_.e.. Therefore, if there are more edges in communities than
In our analyses of the PEL connectivity of LJ clusters sowould be expected due to the degree distributi@ns large.

far, we have not made any attempt to distinguish such perA plot of Q against the number of edges removed will have

mutational isomers of the same minimum. Instead, we hava peak with typical values o) around 0.3-0.7 if there is

just looked at the connections between geometrically distinctommunity structure.

minima. The PELs of small LJ clusters are usually described The fraction of edges within communities in the real net-

as having a single-funnel topography. However, if one startsvork is simply counted, and the expected value for a random

to consider different permutational isomers, the situation cametwork is calculated from the degree of the nodes. If an

become more complex. For example, if for the 13-atom clusedge is picked at random, the probabilitythat one end of it

ter (LJ;3) one considers one atom to have a different masdeads to communitg is proportional to the number of edges

there are two physically distinguishable isomers of the icosathat lead there, which in turn is simply the sum of the de-

hedral global minimum, one with the heavy atom in the cen-grees of all nodes in that community. Therefore,

ter of the icosahedron and one with this atom on the surface.

As there is a significant barrier for exchange of an atom ziecki
between the center and surface of the icosahedron, the two ac= oM (1)
isomers of the global minimum lie at the bottom of separate
funnels[32]. The probability that both ends of the edge lead to community
c is thena?, and soQ is given by
Il. METHODS Q:E (ec_ag). ?)
Cc

A. Community structure algorithms

Identifying communities within a network is a nontrivial Having such a measure of community structure also natu-
task, because the number of possible divisions of the netally leads to a new approach to finding communities. Rather
work is very large, especially since, in general, the sizes anthan just usingQ to evaluate the output of a community
number of communities are unknown. A number of differentstructure algorithm, one can instead try to optimedi-
algorithms have been proposed to attempt this taskectly. In the first application of this approach, Newman used
[26,27,33-38 A recent method proposed by Girvan anda simple agglomerative and greedy algoritf#d]. Starting
Newman (the betweenness algorithril3,39 relies solely  with N communities, each containing one node, communities
on the connectivity of the nodes and has proven successful iare joined together one node at a time until there is a single
various networks. The betweenness of an edge is based esemmunity. At each step, the two communities that lead to
the number of shortest paths that pass along it. If an edge ligbe largest increase @ (or if no increases i) are possible,
between two communities, it is expected to have higher bethe smallest decreasare grouped together. This greedy al-
tweenness because lots of shortest paths will pass throughgorithm is faster than that based on betweenness, scaling as
that connect nodes in the different communiti@®m the  O((M+N)N) rather thanO(M2N).
definition of a community there will be few inter-community  Finding the maximal value of is a global optimization
edges for the shortest paths to choose froihthe edges problem, and while the above greedy algorithm can find
between communities are removed, then the network will beommunity splits with high modularity, there is of course no
broken down into components corresponding to the differenguarantee that it will find the split with maximum modular-
communities of the original network. After each edge is re-ity. Indeed, given the large search spaces for the larger net-
moved, the topology of the network changes and the beworks we analyze, there is good reason to think that it will
tweenness must be recalculated. The algorithm is hierarchirot find this optimal split. If better community splits are
cal; edges are removed until the network is broken dowrsought, more sophisticated global optimization algorithms
from one community ol nodes intoN communities of one  should be used.
node, each with various community splits in between. This In this paper a second approach to optim@eis also
can be represented in a dendrogram showing the variousvestigated. This is based on the Monte Carlo method with
splits in a hierarchical manner; a vertical line at any pointsimulated annealing. At each step, a node and a community
gives the community split at that point. are chosen at random. The community could be any of the

To determine which of the many splits found by this al- existing communities, including the one that the node is al-
gorithm is the best, a quantitative measure of the communityeady in, or it could be a new community that does not con-
structure is needed. The fraction of edges lying within com+ain any nodes. Moving the node from its initial community
munities should be large for a good community split. This isto the new community would chang@ by AQ. If AQ is
denoted byZ.e., wheree; is the fraction of edges lying greater than zero, then the move is accepted, otherwise the
within communityc. However, the maximal value &.e.is  move is accepted with probability e@AQ). This is the
found if the whole network is considered as one communityMetropolis criterion, wherg represents the inverse tempera-
in which case all edges lie within that community abge,  ture. At high temperatures, many moves are accepted and
=1. To rectify this, Newman and Girvan introduced thelots of different community splits are sampled, while at
modularity Q. To calculateQ, the fraction of edges that lower temperature fewer splits are sampled, but those that are
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generally have higher modularities. The principle of simu-
lated annealing involves starting the algorithm at high tem-  ¢gs L
perature and decreasing the temperature @tibecomes
constant because no further moves are accepted. The hope
such an annealing scheme is that the final partition will be
the global optimum, but of course it could be only a local
optimum. To increase the likelihood of success, quenches
can also be applied periodically. In these quench&3,is
calculated for moving all nodes to all communities, and the
move with the highesAQ is taken. This is repeated until the
highestAQ is less than or equal to zero, implyirgy cannot
be increased further. The simulated annealing method run:
quickly, taking a similar amount of time to the greedy opti-
mization but finding higher values @). 0.03
However, simulated annealing is often not a particularly 0
efficient global optimization method. Indeed, we were able
to obtain still higher values of the modularity using a basin
hopping approach that is known to perform well in other
optimization problemg41]. Basin-hopping also uses the
Monte Carlo(MC) approach, but there are a number of sig-
nificant differences from the simulated annealing scheme de- L .
scribed above. First, each step consists of randomly changirggMe degree distribution as the network being analyzed. Cur-
the communities of a series of nodes, not just a single ond€ntly, the most efficient algorithm to generate such an en-
Secondly, after each step the new partition is quenched argg™MP€ is the rewiring methdd3,44. The starting point is
the Metropolis acceptance criterion is applied to the valued® real network. Two edges, A-B and C-D, are then picked
of the modularity for the partitions that result from quench-2&t 'andom and rewired to give either A-C and B-D or A-D
ing. Then, if a step is accepted, the current partition is up@nd B-C. Moves are simply not allowed if they would create
dated to that of the quenched partition. This algorithm ismultiple edges or self-connections. , »
slower to run to completion, but finds high values Qf As edges were rewired, the cllusterlr_lg_coeffluent was
quickly. mee_lsured to follow the ranglomlzanon._Thls is shown plotted
The initial point for both of these approaches can be any2d@inst the number of rewired edgesitches per edge of
partition of the nodes into communities. This could Ke the network for L, in F'g_' 1. Al of these LJ netvvprks
communities of one node, but the algorithms are faster if thé@PPear to be fully randomized after around one switch per
initial partition is either that obtained from the greedy algo-€d9€, SO data collection for the ensemble began at five
rithm or a community split obtained in a similar agglomera-SWitches per edge. It is likely that the clustering coefficient
tive manner but using the Monte Carlo method, which isreaching its eqU|I|br|u_m value indicates that the networ_ks are
much faster. To create this initial partition, rather than checkf@ndom after one switch per edge, but since the algorithm is
ing all possible edges as in the greedy algorithm, a singléa'rly fast, rewiring more edges hag no d|sadvantages. For all
edge is chosen at random and addedA@ satisfies the random networkgwnh between five and ten switches per
Metropolis criterion. Simulated annealing runs were startec¢d9€; the probability that any two nodes were connected was
from the partition obtained from the greedy algorithm, which¢corded. Twenty-five random networks were also saved at
gave much higher values @. If the algorithm is started Intervals of 0.2 switches per edgeoughly the autocorrela-
from the second more random initial partition, then the re-ion time of the clustering coefficientrom the same range.
sults depend quite strongly on parameters such as the cooliﬁr%ﬂe community structure algorithms were then run on this

rate and frequency of quenches. However, for the basin hopﬁ1 oso(IaLTabrlig recording the mean and standard deviation of the

ing coefficient
R

Clusterin

Switches per e?dge 10

FIG. 1. Variation in the clustering coefficient of theLhet-
work as edges were rewired to form a random ensemble. Data col-
lection began at five switches per edge.

ping algorithm, the initial conditions, in general, have only a
weak effect onQ,,,, SO this was started from the more ran-

dom partition. This makes basin hopping more feasible for IV. RESULTS

larger networks, because the greedy algorithm, although gen-

erally fast, especially using the algorithm of Rf42], re- A LJgag

quires large arrays for large networks. The results of applying the edge betweenness algorithm to

identify community structure are illustrated in Fig. 2 by the
dendrogram and the associated modula@tyfor LJ;q (all
small cluster networks studied showed qualitatively similar
In order to interpret the results of the above algorithms, itbehavioy.
is important to compare the values@fobtained to those for The dendrogram shows that nodes were removed from the
an appropriate null model. Given the importance of the deinitial “community” of N nodes roughly one by one. At any
gree distribution for other network properties, the usual nullstage there is one large community and several smaller
model is an ensemble of random networks that have th&communities” consisting of one or two nodes each. The

B. Randomized networks
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0.03 1 edges connected to degree one nodes have the highest be-
tweenness, the algorithm was considered to have run to
completion. Since the magnitude @fis so small(an order

of magnitude smaller than most networks showing commu-
nity structurg, the results seem to indicate that the LJ net-
works have little community structure.

Using the greedy algorithm to optimiz@, however, does
find some community structure, as illustrated by the dendro-
gram for Lg in Fig. 4. The community structure is weak
-0.03 - - - - - - compared to other networks—the magnitude @ffor the
O Number of edlgse(:)s remzzl(i)loling 230 300 best split,Quay is around 0.2-0.3y,s for the greedy algo-

rithm is much higher than that for the betweenness algo-

FIG. 2. (a) Dendrogram showing the results of the betweennesdithm, therefore the community splits from this algorithm are
algorithm applied to Ly}, Each point on they axis represents a much better. The betweenness algorithm has been found to
single node in the networkin arbitrary orde. Drawing a vertical ~be unsuccessful for dense netwo(ksg., a food welj13]),
line at any point, as has been done at the best splits as determinsihce if there are many edges between communities the
by Qmax and Q.. gives the number and sizes of communities atshortest paths between the communities can pass through
that point. In the case of the betweenness algorithm, the initial poinany of these edges and the betweenness of any one is un-
is the right-hand side where all nodes are in a single communitylike|y to be high. It is noteworthy that in this respect the
The scale of thex axis is the number of edges remaining in the gverage degree of the LJ networks is significantly larger
network. (b) Variation inQ (solid line) andQ" (dashed lingas the  ((k) up to 30[24]) than those of many of the networks pre-
algorithm progresses. viously studied. The betweenness algorithm has also been
global minimum is the last node remaining in the original aple to detect communities in yveighted networks when it has
community, which is perhaps unsurprising since it has thdailed for the equivalent unweighted netwoifia]. Here we -
highest degree. A plot of the degree of the node removed &oncentrate on improving the quantification of community
each stage against the order in which they are rem@vigd ~ Structure and hence the community structure found by opti-
3) shows that lowest degree nodes are removed first. mizing this value.

This behavior has been seen in previous work for random Q is negative for community splits with many small com-
networks without community structufé5] and our random munities (to the left in the dendrogramimplying that the
networks also have qualitatively similar dendrograms. In thecommunity structure is weaker than in a random network
case of a node with degree one, all shortest paths to that noséth the same degree distribution. The reason for this is that
must pass along the one edge connecting it to the rest of tha “communities” of one node there can be no edges within
network, making the betweenness of that ed@d-21) (the  that community. However, the expression fQr[Eq. (2)]
factor of 2 appears because in calculating the betweennessses a predicted fraction of edgesa@wE (2 cki/2M)? that is
each path is counted twigeThis is true in any network, but clearly greater than zero. This effect mak@smaller when
the fact that these edges have the highest betweenness tkere are lots of small communities, as is the case for the
flects the relatively low betweenness of the rest of the edgelsetweenness algorithm, because the second ter@ fme-
in the LJ networks. This has been used previously to identifydicts more edges than are physically possible. The total num-
a lack of community structure in a netwofR5,46. In that  ber of edges predicted is equal to the total number of edges
case, when enough edges had been removed to make timethe network, so if too many are predicted in one area, too
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0.2 + r FIG. 5. Average probability of an edge between two nodes as a
o function of the product of the degrees of those nodes, calculated for
0.15 L LJy4 Values were calculated from an ensemble of random networks
and are used to calcula@ . The number of edges predicted by this
method is never larger than 1. The straight line shows the value
017 I kiki/2M used in the original calculation @. For the two highest
degree nodes, this takes the value 33.46.
0.05 - -
edge between any pair of nodes in a network taken from that
0 ensemble. The predicted fraction of edges within each com-
munity in a random networkwith the same degree distribu-
-0.05 . . . . . . tion and no multiple edges or self-connectipiiss then the
0 10 20 30 40 50 60 sum of this probability over each pair of nodes within the

Number of steps community. This sunmdenoted byf,) replacesag in Eq. (2

FIG. 4. (a) Dendrogram showing the results of the greedy algo-g'vIng
rithm applied to LJ,. The initial point for the greedy algorithm is at
the left-hand side witiN (64) communities. The< axis represents
the number of steps, where each step involves joining together two
communities. The dashed line represents the best split fowitkl It may also be possible to use the analytical method of Park
maximumQ). (b) Variation of Q as the algorithm progresses. and Newmar{47] to predict the probability of an edge be-

tween two nodes.

few must be predicted elsewhere. Therefore, as the commu- The probability of an edge between two nodes is shown in
nities grow, this effect is reduced un@=0, when there is Fig. 5 plotted against the product of the degree of the two
one large community. Using, to predict the number of nodes for both the original predictiom; =kk;/2M and f;
edges in a community if the network were random is equivafrom rewiring, as used in calculatinQ’. f;; is roughly pro-
lent to predictingkik;/2M edges between two nodesnd]. portional to the product of the degrees of the nodes at either
This number can clearly be greater than one for two highend of each edge for medium degrees, but there is a plateau
degree nodes. For the largest network studied, ltie glo-  at higher degrees ify; so thatf;; <1 for all pairs of nodest;;
bal minimum has degree 3201 and there are 61 085 edges, othen necessarily larger thay for nodes with lower degree
more than one edge is predicted between the global minisince the sum over all pairs of nodesMs This approach has
mum and any node with degree greater tha#0. This is  also proved useful for the assortativity coeffici¢t®,24],
similar to the argument used by Maslov and Sneppen to exwhich also requires the predicted number of edges between
plain degree-degree anticorrelations seen for the Internétvo nodes in a random network.
[43]. The lack of self-connections meaf@sdisfavors small Using Q' rather thanQ will not affect the betweenness
communities and the lack of multiple edges me@ndisfa-  algorithm(although it could affect which community split is
vors the grouping together of high degree nodes. identified as the begtbut it will almost certainly affect the

A solution to this problem is to improve the predicted greedy algorithmQ’ for the betweenness algorithm is shown
fraction of edges within communities. The method used herén Fig. 2 and the dendrogram ar@ for the greedy algo-
was to create an ensemble of random networks with the sam&hm in Fig. 6.
degree distribution as the original and with the constraint that The overall effect is unchanged; the greedy algorithm
multiple edges and self-connections are forbidden. It is thefinds some community structure with a larger valueQ@f
straightforward to calculate the probability that there is anthan for the betweenness algorithm, which finds essentially

Q'= E (ec_ fc)- (3
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(b) 03 ' 10 Number of nodes
0.25 4 L FIG. 7. Q' againstN for cluster networks and random en-
sembles, error bars are one standard deviation from an ensemble of
25 random networks. The results dfeom bottom to top for the
,0'2 betweenness algorithm, the greedy algorithm, simulated annealing,
Q and basin hopping. The betweenness algorithm was only run on
0.15 - clusters with up to 12 atomg&15 nodes as it is slow for larger
networks.
011 This feature, coupled with the fact th&@' depends on the
size and average degree of the netwd@®], implies that it is
0.05 - - important to compare results with those for random networks
[49]. Q. IS several standard deviations above the mean of
0 . . . . . . the random networks, so althou@®y,,, is fairly low com-
0 10 20 30 40 50 60 pared to other networks, there is significantly stronger com-
Number of steps munity structure than expected if nodes were connected ran-

domly. This is perhaps due to the spatial nature of the

FIG. 6. (a) Dendrogram showing the results of the greedy algo-networks and their high clustering. For example, previous
rithm usingQ" applied to LJo. The dashed line represents the bestywork on the contact networks associated with models of
split found (with maximum Q). (b) Variation of Q" as the algo-  space-filling diskgspecifically the two-dimensional Apollo-
rithm progresses. nian packing [50] found community structure withQ,.x
=0.5938.

Some correlations have been seen between community
structure, high clustering, and assortativity. For example,
these properties are mostly all seen in social networks, but

lgce)mcrs]rdlrg?resd “ttcg %lczif?gfg ncz:i(;ei Smseiars“l;ircead mf?{) rt?t?i Ssﬁg_erarely in technological or biological network81]. Grénlund
Y SPIS. 9 and Holme used a model from social network analysis to

work, with the ordering of the peaks being altered. The high- : : e .
est peak ofQ’ is further to the left because the origin@l introduce community structure into an Erdés-Renyi random

. o network for which clustering, assortativity, and community
disfavors small communities. structure (using the greedy algorithmwere then studied
Higher values ofQ’ were found by simulated annealing 48] Th Igt' ?th y ajg " foll d as th
and basin hopping runs. These values are shown in Fig. 48]- The evolution of these properties was followed as the

along with those for the greedy algorithm and the betweengor_nmunity_s_truct_ure was introduced. qu and t_he clus-
ness algorithm, for the real and random networks. The modd€ring coefficient increased from the Erdos-Renyi values and
larity increases roughly logarithmically with the size of the Showed a strong correlation, fluctuating at the same times.

networks. The rate of increase Q¢ , from the greedy al- The networks also became assortative, i.e., there were corre-

gorithm slows down for larger networks, as seen previoushjations between degrees of connected nogegh degree
[48], simply because as the networks become larger the nunftodes were more likely to be connected to other high degree
ber of possible community splits increases and so the probiodes and low to loyv The assortativity coefficient fluctu-
ability of finding the global maximum o€’ decreases. As ated strongly, but differently from the clustering coefficient
the networks become larger, they also become more sparsed the modularity, indicating that, although introducing
(p=2M/[N(N-1)] decreasgs Therefore, there should be community structure made the networks assortative, the link
community splits with fewer edges between communitiespetween the two properties is not as strong as that between
and hence greate)’. community structure and clustering.

Q' is greater than zero for the random networks, meaning Newman studied a model scale-free network with com-
that it is always possible to find some community structuremunity structurg52] that was found to have a high cluster-

no community structure. However, the community split
found by the greedy algorithm is different for the two mea-
sures of modularity. For the betweenness algorit@rhcan
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implies that there is some other property causing nodes to
group into communities, beyond the degree and community
sizes.

The networks are assortative with respect to their poten-
tial energy[24], i.e., minima with similar potential energies
are likely to be connected. It seems reasonable that nodes
grouped in a community would correspond to minima with
similar energies. This is illustrated in the energy distribution
shown in Fig. 8. There is some separation. For example,
most of the high-energy minima are in one community, but
the differences are fairly weak. In a study ofst,Ja similar
overall energy histogram was seen and the different peaks
could be assigned to different classes of structis8],
namely different types and numbers of defect. Previous work
on 13-atom Morse clusteli8] found that different peaks
corresponded to structures with different numbers of non-
nearest neighbors. It is therefore likely that the different
peaks in the energy histogram can also be differentiated by
structure.

100 4
Feum(®)

10

(b) 140

]
IS
T

8

B. Binary LJ 13

A binary Lennard-Jones cluster with 13 atoms, one of
which is distinguished as being heavy, was also studied. The
PEL has two funnel$17,32 leading to different isomers of
the global minimum. Networks for the clusters considered in
the previous section were found in previous wibk] using
the eigenvector-following algorithm to locate all the station-
O wa w3 om0 30 a8 37 6 35 ary points. The network for the binary system was obtained

Energy/e from this monatomic 13-atom network in the following way.
For each minimum in turn, one atom was given a mass of 2

FIG. 8. (Color onling (a) Cumulative degree distribution and while the other 12 had a mass of 1. The trace of the inertia
(b) energy distribution of minima for Lid. The solid line is the tensor was calculated as
overall distribution for the whole network and the dashed lines are
those for the five communities found using basin hopping. > Mm% = Xcom?+ (Vi = Yeorm > + (Z = Zeom ], (4)

Number of minima

I
ing coefficient. When different sized communities were

present, the model was also assortative by deffgk The  where the sum is over all the atonms, is the mass of atom
explanation given for this was that nodes with high degreé, X; its x coordinate, and.., the x coordinate of the center
are more likely to be in big communities so that they can beof mass. This is repeated with a different atom being heavy
in the same community with as many of their neighbors agintil all 13 possibilities have been investigated. The trace of
possible. Consequently, high degree nodes are likely to be ithe inertia tensor is used to distinguish different isomers, as
the same communitiekhe bigger onesand are therefore the trace of the inertia tensor for some of the 13 possible
also likely to be linked to each other. isomers may be equal, depending on the symmetry of the
The networks studied here have been shown previously toluster. For example, the global minimum icosahedron with
be highly clustered23]. They are also disassortativanti-  the heavy atom in any of the 12 outside positions is classed
correlatedl by degree, but not significantly different from as indistinguishable. There are a total of 17964 distinguish-
random networks; this effect can be explained by the degregble minima(node$ compared to 1509 for the monatomic
distribution and lack of multiple edges and self-connectionsluster. For each distinguishable version of the transition
[43,47). The LJ networks have communities of differing states with one heavy atom, the associated pathway was
sizes so they might also be expected to be assortative dpund. The original network tells us which minima a transi-
degree if the hubs are mostly in big communities, whereagion state connects, and the traces of the inertia tensors of the
community sizes in the random networks vary less and aminima at either end of the pathway tell us which versions of
such would be expected to be less assortative. As can be se#ose minima it connects. This gave rise to 294285 edges in
in plots of the degree distribution for each commur(ijg.  the network. Due to the large size of the network, applying
8), the hubs are split between three of the five communitieshe rewiring method to create a random ensemble of net-
for LJ;5. These are not the three largest communities; thavorks is not feasible, so the original expression @thas
highest degree node in the second largest commuody-  been used.
taining 432 nodeshas degree 248 whereas the biggest hub, The 13-atom cluster with one heavy atom has higher
with degree 794, is in a community of only 206 nodes. Thismodularity than the simple 13-atom cluster; the higl@gty
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(a) "™ ' ' ' ' ' ' two communities have very similar energy distributions and
therefore probably consist of different permutational isomers
of the same geometric structures. There are two additional
communities which are fairly larget008 and 3629 nodgs

These also have peaks in their inertia distributions at around
the same position as the two largest communities, implying
that the two funnels around the two permutational isomers of
the global minimum have been broken down into smaller

: 2

Number of minima
8

300 A
communities. One of the two smaller communities consists
200 - of fairly high energy minima and could be a transition region
between the two funnels.
100 A
0 . ) C. LJagg
9 10 14 15 16

For LJg the community structure is very strong with
L Qpnax from the greedy algorithm being 0.8311, which is of the
(b)1000 order of four times that found for the smaller LJ networks

I and one of the higher modularities found for any netw@k.
tends to be higher tha® as the lack of self-connections
means too many edges are generally predicted within com-
munities forQ, but Q. IS also greater than 0.8. This indi-
cates that the PEL for kdis much more heterogeneous than
those for the smaller clusters, as expect@,, was also
high for the random ensemble with a mean of 0.5650, imply-
ing that the degree distribution can explain some of the com-
munity structure. The degree distribution of the minima
sampled for this cluster is not scale-free, because of the in-
completeness of the network. In a scale-free network, there
are some nodes with very high degféebs. It is not always
likely for a hub to be in the same community as all of its
neighbors, for example in LJthe largest hub is connected to
approximately 75% of the nodes in the network and there is

FIG. 9. (Color onling Distributions of(a) the moments of iner- N0 community that large. This could mean that community
tia (the geometric mean of the principal moments of ingriiad (b) structure can be stronger in networks with degree distribu-
energies of minima found for LJwith one heavy atom, using basin tions without hubs, such as that forjJexplaining the high
hopping to optimizeQ. The solid line shows the distribution for all values of the modularity seen for the random ensemble.
minima. The dashed lines represent the four largest communitieslowever, the value o)., for the PEL network is over 17
with sizes greater than 3000. The other communities all containedtandard deviations higher than that for the random net-
fewer than 20 nodes. Minima with larger moments of inertia haveworks, and so is significant. The dendrogram is shown in
the heavy atom closer to the outside of the cluster. Fig. 10; only the last 100 of 6000 steps are shown.

The community structure found can be compared to the
value obtained was 0.4370 using the basin hopping algomultiple-funnel structure of the PEL. Some of the minima
rithm. This reflects the greater heterogeneity of this PELhave previously been assigned to either an fcc or icosahedral
compared to those of the smaller clusters. The two permutdunnel using a master equation approach. At the point of
tional isomers of the global minimum are in different com- maximum Q" in the community structure found from the
munities, the two largestconsisting of 5507 and 4732 greedy algorithm, the minima from the fcc funnel are in the
nodes. Measuring the moment of inertithe geometric Same community and there are no icosahedral structures in
mean of the three principal moments of inerfiar the clus-  that community. This is also true for the partition with the
ters gives an indication of where the heavy atom is; i.e., if ithighest value of)’ (Q'=0.8314, obtained from basin hop-
is near the edge of the cluster, the moment of inertia will beping. The best split is at level 595&),.,,=0.8311 and the
larger and vice versa. The distributions of the moments ofcc and icosahedral minima are in different communities un-
inertia are shown in Fig. 9 for the four largest communities.til level 5990, whereQ’=0.8099 and has begun to fall off.
Minima in the largest community, containing the version of The betweenness algorithm is too slow to run to completion,
the global minimum with the heavy atom on the outside,but after removal of only 13 edges the network was split into
have high inertia implying that the other minima also havetwo communities with all fcc minima in one and all icosahe-
the heavy atom close to the outside. The converse is true faral minima in the other. The community algorithms are
the second largest community, which contains the permutatherefore giving an insight into the topology of the PEL
tional isomer of the global minimum with the heavy atom in while only using data on the connectivities of the minima,
the center. The energy distributiofiSig. 9) show that these whereas the previous methods also use the energies of

11 2. 13
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1000 - FIG. 11. (Color onling The partition with the highest modular-
ity (Q’=0.8480 seen for a two-dimensional hexagonal lattice with
0 2500 nodes using periodic boundary conditions. This partition was

5900 5920 5940 5960 5980 6000 found using basin hopping to optimizg’ from an initial partition
into roughly equally sized hexagons.

FIG. 10. The final 100 steps in the dendrogram foggllsing
the greedy algorithm. If a community only consists of single nodesM > 18). In the third step, a fourth node will be added to the
i.e., is not composed of smaller communities, then for clarity onlycommunity. This can only increase the number of edges
the first and last nodes to join that community are shown. Thewithin the community by two, whereas the increase in the
variation of Q" as the algorithm progresses is not shown, it has anumber of expected edges will be the number of new pairs of
single peak of valu&Q;,,=0.8311 at level 5956indicated by a podes(the size of the communityy.=3) multiplied by the
dashed line on the dendrogram probability of an edge between each paifQ=(2

-nk?/2M)/M. In the following steps, the number of edges

minima and the barrier heights between them. This should badded to the community can be increased by up 1hé
contrasted with the community structure found for thedegree of each nodldepending on the shape of the growing
smaller clusters, which is very weak and was not found at alcommunity (this will depend on the random choigegt
using the betweenness algorithm. The PELs for the smakach step, the expected number of edgede subtracteds
clusters have a single funnel topography. The 13-atom Morsg.k?/2M. At some point,AQ will be smaller than that for
cluster, which is similar to Ly} when appropriate parameters starting a new communityAQ=(1-k?/2M)/M] so a new
are used, has only one monotonic sequence basin, meaniggmmunity will be started.
that a path from any minimum which decreases the energy at Q and Q' were optimized for a hexagonal lattice with
each step leads to the global minim{i2®]. This information  periodic boundary conditions such that all nodes have degree
from topographical analysis is consistent with the pictureg. The following results correspond to the largest system
obtained from the topological approach in this work. studied, a lattice with 2500 nodes. These were also compared
to a random ensembl®,,., and Q/,,, from greedy optimi-
zation are 0.7674 and 0.7231, respectively, whereas the cor-
responding values for the random networks are 0.3860 and

Since the energy landscapes of small clusters have sing®3517, differences of 191 and 45 standard deviations. The
funnel topographies, it is curious that there should be anpighest value ofQ’ (0.848Q corresponds to the partition
community structure in the corresponding networks. It isshown in Fig. 11, which was found by basin hopping from a
possible that this community structure is related to the spatigbartition into roughly equally sized hexagot®’=0.8389
nature of the landscapes. Nodes in the same region of spagg 18 communities of average size 13Mterestingly, the
are more likely to be interconnectééading to high cluster- partition obtained from greedy optimization contained much
ing). If these nodes are grouped together into communitieJarger communities, with an average size over 300. Nodes in
there are likely to be many edges within those communitieshe lattice have constant degree, so this could possibly ex-
and few between different communities, as edges connectingain why the modularity is higher than for scale-free land-
different communities would only come from nodes adjacenscape networkgas for Lg), for both the lattice and the
to the boundaries. To investigate the effect of spatial organirandomized versions. However, Apollonian networks, which
zation and clustering on community structure, a hexagonare spatial scale-free networks, also have a high modularity.
lattice was studied. The modularity of a scale-free network embedded on a lat-

The greedy algorithm can be applied to a large two-tice could be studiefl15] to provide a further comparison.
dimensional hexagonal lattice, where all nodes have the The modularity of the lattice is much higher than that for
same degre¢k=6) and the clustering coefficient is 0.4. In the random ensemble so the community structure is signifi-
the first step, any edge is equally likely to be added, eaclzant. Nodes close together on a hexagonal lattice have many
changing Q to Q+AQ, where AQ=(1-k?/2M)/M. If  edges between them due to the highly clustered nature of the
k2/2M <1, i.e., M > 18, thenAQ is positive. In the second network. They also have few edges to the rest of the net-
step one of the two nodes that forms a triangle with that edgevork, as they only occur at the edges of the community.
will be added, withAQ=2[(1-k?/2M)/M] (also positive if  Similar high values of the modularity have been analytically

D. 2D hexagonal lattice
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predicted for low-dimensional regular lattice49]. The par-  munities than expected for a random network, thus optimiz-
tition of the lattice into communities is highly degenerate, foring the modularity. A modification was made to the way in
example the partitions could be translated in any directionwhich the community structure is quantifie@’ is essen-
giving a different community split with the same high value tially the same a€), measuring the fraction of edges within
of the modularity. This raises questions about the interpretascommunities compared to the predicted fraction for a ran-
tion of Q andQ,,,q in terms of “unique” communities. Other dom network with the same degree distribution. However,
methods for finding community structure have been pro-here the random network does not contain multiple edges or
posed which give many possible partitions due to randonself-connections making it a better comparison.
choices in the algorithm85,446. These partitions could then Optimizing the modularity did find weak community
be compared to determine whether they are based on a strosgjucture in the networks. This implies that within the single
community structure or are very different from each other, agunnel of the PEL, minima form groups with more transition
would be the case for the hexagonal lattice. states between them than to minima in other groups. The
An alternative way to probe this issue would be to look atcommunity structure is likely to be connected to the spatial
the thermodynamics associated with partitioning of the netnature of the networks and therefore related to the clustering.
work, where € or —Q’ plays the role of energy, as in the To investigate the effect of spatial ordering of a network on
Monte Carlo methods used here. If there was a unique, wellts community structure, a hexagonal lattice was studied.
defined community structure, one would expect a transitionStrong community structure was found for the lattice, imply-
somewhat akin to crystallization, to a low-temperature staténg that the weak community structure found in the land-
with a low density of partitions, all of which would have the scape networks could be due to spatial organization.
same basic structure. By contrast, a more “glasslike” behav- Two LJ clusters with more complicated PELs where com-
ior would be expected for networks with ill-defined commu- munity structure was expected were also studied. Labeling
nity structure. That is, there would only be a gradual increasene atom in Lg; distinguishes permutational isomers that fit
in Q as the temperature is decreased without any sharp trafroadly into two classes, those with the heavy atom on the
sitions, and there would be many high-modularity partitionsoutside and those with the heavy atom on the inside. Two
with significant structural differences. communities corresponding to these classes of structure were
found by optimizingQ. The PEL of Ldg is known to have
two funnels, one consisting of fcc structures containing the
truncated octahedron global minimum and the other consist-

The potential energy landscapes of small Lennard-Jone89g of icosahedral structures. Both topological algorithms
clusters have been studied in terms of networks describinﬁ%und much stronger community structure for this cluster
which metastable states of the clusters are connected. A nurilan for the smaller clusters, implying a much more hetero-
ber of algorithms have been used to uncover the communityeneous PEL. The community structure found was also com-
structure of the PEL networks. All are based solely on thePared to the known funnel structure of the PEL. In both
topology of the network, i.e., barrier heights and energies oflgorithms, fcc and icosahedral structures were in different
the minima are not taken into account. The first algorithmcommunities. The topology of the PEL therefore contains
used, based on edge betweenness, found no communifjformation about its heterogeneity and can be used to pro-
structure in the networks of the small clusters, consistenyide a similar picture to that gained from a topographical
with a single funnel shape of the PEL. However, this algo-analysis.
rithm has been unsuccessful in previous studies when the
network is densely connected, and the PEL networks studied
here have a higher average degree than many of the other The authors are grateful to the Engineering and Physical
networks previously studied. The other algorithms put nodeSciences Research Couné@.P.M) and the Royal Society
into communities such that there are more edges within comi.P.K.D) for financial support.

V. CONCLUSION
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